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We estimate the Witten index for a supersymmetric gauge theory with or without massless matter.
For pure supersymmetric Yang Mills our result reproduces the results in the literature. For the
known theories with dynamical symmetry breaking the Witten index is determined to be exactly
zero. Our calculation sheds light on the possibility of dynamical supersymmetry breaking for those
theories considered up to now unsolvable.
The Witten index [1], [2] is defined as:
(−1)F = n0b − n
0
f , (1)
where n0b is the number of bosonic zero modes and n
0
f
is the number of fermionic zero modes. It was shown
that for a supersymmetric Yang Mills SU(N) the Witten
index is nonzero as it is in general for any supersymmetric
gauge theory without matter. For the supersymmetric
Yang Mills theory with massive matter one may show
that the Witten index is still non zero by extrapolating
to the large mass limit where the massive matter can be
integrated out.
The Witten index is crucial for studying theories with
dynamical supersymmetry breaking because for (−1)F =
0 the theory might display this non-perturbative phe-
nomenon.
For (−1)F = 0 there are two distinct possibilities:
a) n0b = n
0
f 6= 0. In this case the supersymmetry is not
dynamically broken since there is at least one state with
the ground energy zero.
b) n0f = n
0
b = 0. In this case there is no ground state
with the energy zero hence supersymmetry is dynami-
cally broken.
The Witten index is hard to calculate for many theo-
ries, especially for those with massless matter fields that
have flat directions. For the latter situation the massless
limit cannot be regarded as the limit m→ 0 of a massive
theory as the asymptotic behavior potential may change.
Then there might be a discontinuity of the Witten index
at the threshold and this might be even ill-defined.
First it is worth mentioning that for all theories we
know that break supersymmetry dynamically the Witten
index is zero. For massless matter theories one needs new
methods to analyze the non-perturbative behavior of the
theory and various symmetries associated to this. The
groundbreaking of Seiberg and his collaborators [5], [6]
furnished through the power of holomorphicity and duali-
ties an adequate set of tools for elucidating the properties
of a supersymmetric gauge theory. Even so theories that
display with certainty dynamical supersymmetry break-
ing are particular and complicated and may not hold any
real connection with what we know up to now about the
standard model of elementary particles.
On the other hand there is an alternative treatment
of supersymmetric gauge theories [3] which lead to the
famous NSVZ beta function. In [4] it was shown that
by applying Fujikawa methods a direct relation between
the holomorphic coupling constant and the canonical one
may be obtained. The NSVZ beta function reads:
β(α) = −
α2
2pi
[(ng −
1
2nf ) +
1
2
∑
Ψ γΨ]
1− α4pi (ng − nλ)
. (2)
Here ng is the number of gluon zero modes, nλ is the
number of gluino zero modes, nf is the number of fermion
zero modes, gluino and matter and γΨ is the anomalous
dimension of the matter mass operator. The number of
zero modes for SU(N) with Nf multiplets in the funda-
mental and antifundamental representations was deter-
mined to be:
ng = 4N
nλ = 2N
nΨ = 2Nf , (3)
where nΨ is the number of matter fermion zero modes.
This leads to a beta function for the SU(N) group:
β(α) = −
α2
2pi
3N −Nf(1 − γ)
1− αN2pi
. (4)
So in one instance we define the zero modes which cor-
respond to the collective coordinates in the instanton ap-
proach. On the other hand we define the zero modes in
the hamiltonian in a more complex approach. It seems
that the two of them are only remotely related. In this
work we will show that there might be a connection be-
tween the instanton zero modes and those calculated by
Witten in [1]. We will present a method for estimating
the Witten index for any theory for which the beta func-
tion and the anomalous dimension of the matter mass
operator are known. We will then check our calcula-
tions against results in the literature obtained using dif-
ferent methods to find that there is perfect agreement
with those.
We consider a supersymmetric gauge theory based on
a gauge group G with matter multiplets in arbitrary rep-
resentations Ri of the gauge group with or without an as-
sociated flavor symmetry. The holomorphic Lagrangian
of interest is [4]:
Lh(Vh,Φ) =
1
16
∫
d2θ
1
g2h
W a(Vh)W
a(Vh) + h.c+∫
d4θ
∑
i
Φ†i exp[2V
i
h ]Φi, (5)
2with the corresponding partition function:
Z =
∫
dVhdΦi exp[i
∫
d4xLh]. (6)
The matter fields are considered massless.
There is one more way in which one can write the par-
tition function:
Z =
det〈F |H |F 〉
det〈B|H |B〉
, (7)
where B are the bosonic states and F the fermionic ones
of the full hamiltonian. This includes zero modes. Thus
Z may not be well defined in general but the expression
in Eq. (7) makes perfect sense in a finite volume.
In order to go from the Lagrangian in terms of the
holomorphic coupling 1
g2
h
to that in terms of the canonical
coupling gc one makes the change of variables:
Vh = gcVc
Z
1
2
i Φ = Φ
′, (8)
where Zi the renormalization constant of the matter wave
function. Then the outcome of this change of variables in
the path integral approach is done through the Fujikawa
method [4] and yields new terms in the Lagrangian ac-
cording to:
L′ =
1
16
∫
d2θ
[
[
1
g2h
−
tG
8pi2
ln g2c +
∑
i
tRi
8pi2
lnZi]×
W a(gcVc)W
a(gcVc) + h.c
]
+
∫
d4θ
∑
i
Φ′†i exp[2Vcgc]Φ
′
i. (9)
Here tGδ
ab = Tr[T aGT
b
G] where TG are the group gen-
erators in the adjoint representation and tRiδ
ab =
Tr[T aRiT
b
Ri
] where TRi are the group generators in the
representation Ri. Then one defines the canonical cou-
pling through the relation:
1
g2c
= Re
1
g2h
−
tG
8pi2
ln g2c +
∑
i
tRi
8pi2
lnZi. (10)
This leads to the correct correspondence between the
beta function for the holomorphic coupling and that for
the canonical coupling.
Assume that instead of the change of variables in Eq.
(8) we make the following change of variables:
Vh = aVa
Φ = aΦa, (11)
where a is an arbitrary parameter. Then the partition
function as expressed in Eq. (7) will become:
Z =
det〈Fa|H |Fa〉
det〈Ba|H |Ba〉
=
det〈Fa|H |Fa〉
det〈Ba|H |Ba〉
ak(n
0
f−n
0
b), (12)
where k is a positive finite constant. In the following we
will justify the expression in Eq. (12). We shall consider
the theory in a finite volume where the spectrum of the
hamiltonian is discrete and energies are allowed up to
some value. Then all the scales in the theories should
adequately be smaller that a definite scale. The change
of variable in Eq. (11) should not affect the difference
between the fermion and boson zero modes. But then
in the limit a → 0 we should obtain the same behavior
of the partition function and the same number of zeros.
Since the first factor in the second line of Eq. (12) brings
out 0n
0
f−n
0
b then the only possibility is that each zero
eigenvalue in the presence of a should be of the type
0×ak where k is positive, finite and universal. The factor
k will be determined later by considering an instanton
approach. Finally one can write:
d lnZ
d ln a
= k(n0f − n
0
b). (13)
On the other hand the change of variables in Eq. (11)
can be approached through Fujikawa method using the
same method as in [4]. One can write directly the trans-
formed Lagrangian:
L(aVa, aΦ
′) =
1
16
∫
d2θ
[
[
1
g2h
−
tG
8pi2
ln a2 −
∑
i
tRi
8pi2
ln a2 +
∑
i
tRi
8pi2
lnZi]× [W
a(aVa)W
a(aVa) + h.c.]
]
+
∫
d4θa2
∑
i
Φ′†i exp[2aVa]Φ
′. (14)
Then one determines:
−i
d lnZ
d ln a
=
〈
1
16
d2θ
[ ∫
d4x[
d 1
g2
h
d ln a
−
2tG
8pi2
−
∑
i
2tRi
8pi2
+
∑
i
tRi
8pi2
d lnZi
d ln a
]× [W a(aVa)W
a(aVa) + h.c.]
]
+
1
16
∫
d2θ
[
2[
1
g2h
−
tG
8pi2
ln a2 −
∑
i
tRi
8pi2
ln a2 +
∑
i
tRi
8pi2
lnZi]× [W
a(aVa)W
a(aVa) + h.c.]
]
+
∫
d4θ2a2
∑
i
Φ′†i exp[2aVa]Φ
′〉. (15)
Furthermore one can estimate the contribution of the
3matter terms as:
〈
∫
d4θ2a2
∑
i
Φ′†i exp[2aVa]Φ
′ = −i
∑
i
d lnZ
d lnZi
=
〈
1
16
d2θ
[ ∫
d4xi[
∑
i
2tRi
8pi2
]×
W a(aVa)W
a(aVa) + h.c.
]
〉. (16)
Then Eqs. (15) and (16) yield:
d lnZ
d ln a
=
〈
1
16
d2θ
[ ∫
d4xi[
d 1
g2
h
d ln a
−
2tG
8pi2
+
∑
i
tRi
8pi2
d lnZi
d ln a
]×
W a(aVa)W
a(aVa) + h.c.
]
〉+
1
16
∫
d2θ
[
2[
1
g2h
−
tG
8pi2
ln a2 −
∑
i
tRi
8pi2
ln a2 +
∑
i
tRi
8pi2
lnZi]× [W
a(aVa)W
a(aVa) + h.c.]
]
. (17)
Up to a proportionality factor the result in Eq. (17)
represents the Witten index. In order to determine if
this cancels or not we need an estimate of the quantity:
Q = [
d 1
g2
h
d ln a
−
2tG
8pi2
+
∑
i
tRi
8pi2
d lnZi
d ln a
] +
2[
1
g2h
−
tG
8pi2
ln a2 −
∑
i
tRi
8pi2
ln a2 +
∑
i
tRi
8pi2
lnZi].(18)
Finally we can assimilate a with a scale a = µΛ . Then
Q becomes:
Q =
3tG −
∑
i tRi
8pi2
−
2tG
8pi2
+
∑
i
tRi
8pi2
γi +
2[
1
g2h
−
tG
8pi2
ln a2 −
∑
i
tRi
8pi2
ln a2 +
∑
i
tRi
8pi2
lnZi] =
tG
8pi2
−
∑
i
tRi
8pi2
+
∑
i
tRi
8pi2
γi +
2[
1
g2h
−
tG
8pi2
ln a2 −
∑
i
tRi
8pi2
ln a2 +
∑
i
tRi
8pi2
lnZi]. (19)
We next consider a = gc. Using Eq. (10) one can further
simplify the expression for Q in Eq. (19):
Q =
tG
8pi2
−
∑
i
tRi
8pi2
+
∑
i
tRi
8pi2
γi +
2
1
g2c
−
∑
i
tRi
8pi2
ln g2c . (20)
We cannot solve Eq. (20) in general to see if there is a
plausible solution but we can estimate it for some regime
when this solution exist. Assume the range of g2c where
g2c
8pi2 ≥ tG. This corresponds to a regime where per-
turbation theory breaks down and one enters the non-
perturbative regime. Then 1
g2c
can be considered small
and neglected and a necessary condition for the existence
of a solution is:
tg
8pi2
−
∑
i
tRi
8pi2
+
∑
i
tRi
8pi2
γi ≥ 0. (21)
If the coupling constant that is solution to the inequality
in Eq. (21) is in the domain
g2c
8pi2 ≥ tG we say that the
condition is also sufficient.
Let us see on a few examples as this might work.
1) SU(N) supersymmetric gauge theory with Nf fla-
vors in the fundamental (N) and antifundamental (N∗)
representations. We need:
tR =
1
2
tG = N
γ = −
N2 − 1
N
g2
8pi2
. (22)
Then Eq. (21) becomes;
N −Nf −Nf
N2 − 1
N
g2
8pi2
≥ 0, (23)
which further leads to,
Nf ≤
N
1 + N
2−1
N
g2
8pi2
. (24)
Condition Ng
2
8pi2 ≥ 1 sets the exact limits in Eq. (24) as:
Nf ≤
N
1 + N
2−1
N2
≈
N
2
. (25)
Then it is clear that the range Nf ≤
N
2 for the dynamical
supersymmetry breaking coincide with the results in [8]
and agree with the general lore regarding this theory.
2) SO(10) with matter in the spinor representation 16.
The group factors are:
tR = 2
tG = N − 2 = 8
γ =
45
4
g2
8pi2
. (26)
Then condition (21) becomes:
6−
45
2
g2
8pi2
≥ 0, (27)
which translates into:
g2
8pi2
≤
12
45
, (28)
4which is in the range g
2
8pi2 ≥
1
8 which means that su-
persymmetry is dynamically broken. This results was
obtained through a different approach in [7].
3) SU(5) with matter in the antisymmetric (10) and
antifundamental 5∗ representations:
We need only the structure factor for the antisymmet-
ric representation tanti =
3
2 . Condition (21) becomes:
3− 10
g2
8pi2
≥ 0, (29)
which further leads to:
g2
8pi2
≤
3
10
, (30)
which is in the range g
2
8pi2 ≥
1
5 . This means that super-
symmetry is dynamically broken which again agrees with
the results in [7].
4) SU(N) with matter in the symmetric (N(N+1)2 ) and
antifundamental representations. For the symmetric rep-
resentation tsym =
N+2
2 and CF = N −
2
N
+ 1.
Condition (21) becomes:
N
2
−
3
2
−
g2
8pi2
[
N
2
+ (N + 1−
2
N
)(N + 2)] ≥ 0. (31)
This further leads to:
g2
8pi2
≤
N − 3
N + 2(N + 1− 2
N
)(N + 2)
≤
1
N
. (32)
This shows that the Witten index cannot be zero and that
supersymmetry cannot be dynamically broken. Again
the results agrees with the findings in the literature [10].
In this work we estimated up to factor of proportion-
ality the Witten index for a supersymmetric gauge the-
ory. If one admits [9] that whenever the Witten index is
zero the supersymmetry is dynamically broken then we
proposed a clear criterion for dynamical supersymmetry
breaking. This criterion depends on the beta function
and on the anomalous dimension of the matter mass oper-
ators but is independent on the specific non-perturbative
dynamics. We verified the validity of our result for four
supersymmetric gauge theories for which whether the
supersymmetry is dynamically broken or not is known
through other methods. Our results agree in totality with
those in the literature.
In summary we presented a method for calculating the
Witten index and hence introduced a necessary and suf-
ficient condition for dynamical supersymmetry breaking
that can be applied to all supersymmetric gauge theories,
with or without flat directions, calculable or non calcu-
lable. Our findings may have far reaching and important
applications.
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